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We present a quantum channel simulator capable of implementing any completely positive trace-preserving
map. Our realization consists of one ancillary qubit, encoded in the transverse mode of a laser beam (orbital
degree of freedom), one qubit system, encoded in its polarization (spin), one spin-orbit CNOT gate and four
single-qubit operations performed with prisms and polarization components. Our results describe the implemen-
tation of arbitrary single-qubit channels on the photon polarization using the transverse mode as the ancillary
qubit.
I. INTRODUCTION
Quantum channels are completely positive (CP) trace-
preserving maps between operator spaces, allowing transmis-
sion of both classical and quantum information. Any quan-
tum channel is ultimately implemented on a physical system
and therefore is subjected to external noise. In contrast to the
simplicity of the binary channel in classical communication
[1], there are several ways in which the state of a quantum
bit can be affected when communicated over a noisy channel
[2]. It is considerably challenging to devise a simple experi-
mental procedure allowing the implementation of the several
effects that an arbitrary channel may impose on an encoding
qubit. This is particularly relevant in quantum thermodynam-
ics, where it is fundamental to the simulation of controllable
reservoirs. Historically, optical implementations of relevant
quantum channels, as amplitude damping, phase-damping, bit
flip channels, among others, were performed by using single
photons, (e.g. [3]). On the other hand, the degrees of free-
dom of intense laser beams have been widely employed to
simulate single-photon experiments, and the results show that
such a platform is extremely convenient as a test-bed for sev-
eral quantum properties in a rather simple way. [4]. Indeed,
it can be shown that such systems can be used to observe vi-
olations of quantum-like inequalities [5–7]. Moreover, many
other quantum protocols can be investigated, such as quan-
tum key distribution [8], teleportation [9] and quantum logical
gates [10, 11]. As a further implementation of interest here,
it is essential to highlight the experimental simulation of open
quantum systems to investigate environment-induced entan-
glement [12]. None of those constituted a systematic channel
implementation procedure, though.
Alternatively, one could use the well-known fact that an ar-
bitrary unitary operation U can be implemented through a cir-
cuit consisting of single-qubit operations, auxiliary qubits and
controlled-NOT (CNOT) gates. Such universality is essen-
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tial since it guarantees the equivalence of possibly different
models of quantum computation. For example, we may de-
sign a quantum circuit comprising of four input and output
qubits and simulate it with a constant number of CNOT and
single-qubit unitary gates. However, while the single-qubit
gates form a continuum, the methods for fault-tolerant quan-
tum computation [13] works only for a discrete set of gates.
Fortunately, the celebrated Solovay-Kitaev theorem [14] ad-
dresses this problem, stating that any unitary operation U can
be approximated using a fixed finite set of gates. Dawson and
Nielsen [15] introduced an algorithm for the Solovay-Kitaev
decomposition, and more recently, inspired by this decompo-
sition, a method for approximating an arbitrary single-qubit
channel using single-qubit gates and a controlled-NOT was
proposed in Ref.[16]. Since then, many alternative methods
for simulation of general qubit and qudit channels (see e.g.
[17]) were proposed, and there were several attempts on the
experimental implementation of quantum channels [18–20].
Particularly relevant for the present discussion is the proposal
of Ref.[16], first implemented in Ref.[21] using photon pairs
generated by spontaneous parametric down-conversion.
The transverse mode structure of the electromagnetic field
constitutes an infinite-dimensional Hilbert space that com-
bines with the photon polarization in a tensor product space.
This extra degree of freedom is associated with the photon
orbital angular momentum (OAM) given by discrete values
Lorb = m~ (m ∈ Z). When restricted to the first order sub-
space (|m| = 1), the transverse modes exhibit a qubit structure
that can be combined with polarization to encode a two-qubit
Hilbert space in every single photon. In this context, entangle-
ment is manifested as polarization vortices that constitute non-
separable spin-orbit modes. This two-qubit encoding on every
single photon is particularly convenient for our purpose since
it allows for an easy cross-talk between the two degrees of
freedom. In this way, several local and controlled operations
can be readily performed with the aid of adequate prisms and
polarization optics. It constitutes a quite versatile platform for
implementing arbitrary single-qubit channels on the photon
polarization using the transverse mode as the ancillary qubit.
Moreover, the channel characterization is based on probabil-
ity measurements that are readily obtained from the output
intensities in the experimental apparatus. Therefore, we could
perform our measurements with inexpensive laser sources and
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2detectors, without the need for single-photon modules.
In this paper, we present the construction of a quantum
channel simulator capable of implementing any completely
positive trace-preserving map. Our realization consists in one
ancillary qubit encoded in the transverse mode of a laser beam
(orbital degree of freedom), one system qubit encoded in its
polarization (spin), one spin-orbit CNOT gate and four single-
qubit operations performed with prisms and polarization com-
ponents. The paper is organized as follows, in Section II
we present the basic theoretical tools for describing arbitrary
channels of single qubits, in Section III we describe the exper-
imental procedures for implementing arbitrary quantum chan-
nels, in Section IV we show the experimental results for sev-
eral relevant quantum channels. Finally, our conclusions are
drawn in Section V.
II. BACKGROUND
The remarkable Solovay-Kitaev theorem [2, 22] provides a
systematic procedure for approximating arbitrary unitary op-
erations using a finite set of gates. In this context, the ap-
proach given by [16] has shown how to implement an arbi-
trary single-qubit channel using a CNOT and a universal set
of single-qubit gates. This approach is appealing from the ex-
perimental point of view since only two qubits are required for
its implementation. In what follows, we sketch the theoretical
background, and the formalism is established.
We begin by considering a single qubit system ρ ∈ T(HS)
with HS being a two-dimensional Hilbert space and T(H) de-
noting the set of operators on Hilbert space H. An arbitrary
channel E : D(HS)→ D(HS) acting on a density operator,
ρ =
1
2
(I + r ·σ), (1)
where σ = (σx, σy, σz) and I is the 2 × 2 identity matrix,
must be completely positive trace-preserving (CPTP). A gen-
eral way of describing a CP map is in terms of the Kraus op-
erators {Ki} [23]:
E(ρ) =
∑
i
KiρK
†
i , (2)
which form a linearly independent set, with the trace-
preserving condition
∑
i K
†
i Ki = I. The analysis for a general
single-qubit CPTP map can be recast in terms of the geometric
description, in which
E(ρ) =
1
2
(I + r′ · σ) , r′ = Tr + t , (3)
encompassing a change on the Bloch vector r, given by the
distortion T -matrix, and a displacement, given by the vector t.
The T -matrix can be written into a diagonal form via a
singular-value decomposition [24] for quasiextreme channels,
T = diag (cos ν, cos µ, cos ν cos µ) , (4)
in which case t = (0, 0, sin ν sin µ)T [16]. This decomposi-
tion can be obtained in terms of a sum of positive operators
representation, given only by two Kraus operators,
K0 =
(
cos β 0
0 cos α
)
, K1 =
(
0 sin α
sin β 0
)
, (5)
with α = (µ + ν)/2 and β = (µ − ν)/2.
Remarkably, as it was proposed in Ref.[16], any single-
qubit CPTP channel E can be decomposed into the convex
combination
E = pEea + (1 − p)Eeb, (6)
with 0 ≤ p ≤ 1, and be simulated with only one ancillary
qubit, two CNOTs and four single-qubit operations. Here
Eei , i = a, b, are two realizations of quasiextreme channels
(3) represented in terms of the new Kraus operators,
Mi = U Ki U′, (7)
where {U,U′} ∈ SU(2), so that
U =
(
u −w∗
w u∗
)
, (8)
with |u|2 + |w|2 = 1 . Therefore, a general SU(2) operation can
be represented by three independent real parameters on the hy-
persphere S 3, and there are different types of parametrization.
For example, it can be characterized as a rotation by an angle
ψ ∈ [0, pi] around a unit vector nˆ oriented along the direction
given by the sagittal (θ ∈ [0, pi]) and azimuthal (φ ∈ [0, 2pi])
angles, which gives
U = Rnˆ(ψ) = e−iψ nˆ ·σ = cosψ I − i sinψ nˆ ·σ ,
u = cosψ − i cos θ sinψ ,
w = −i sin θ sinψ eiφ . (9)
Another possible parametrization uses the Euler angles, which
is suitable for optical implementations with polarization com-
ponents. In this parametrization, a general SU(2) matrix can
be written as a sequence of three rotations characterized by
the Euler angles (ϕ, ξ, ζ) ,
U(ϕ, ξ, ζ) = Ry(ϕ) Rz(−ξ) Ry(ζ) ,
u = cos ξ cos(ϕ + ζ) + i sin ξ cos(ϕ − ζ) ,
w = cos ξ sin(ϕ + ζ) + i sin ξ sin(ϕ − ζ) . (10)
It provides a simple relationship between the group parame-
ters and the orientations of retardation devices such as half-
and quarter-waveplates used for polarization transformations
or mode converters used for transverse mode operations. We
will give these relations explicitly in the experimental real-
ization section. The circuit to be implemented is shown in
Fig.1. It involves two SU(2) operators, U and U′, which di-
agonalize the distortion matrix, two local operations Ry(γ1,2)
acting on the ancilla, two controlled operations and one mea-
surement on the ancilla. The first CNOT gate is controlled by
the system qubit and the second one acts on the system qubit
conditioned to the ancilla measurement.
3Figure 1: The circuit to implement an arbitrary channel E (6) on a
single qubit. The circuit implements each one of the channels Ee1 and
Ee2, individually.
In order to evaluate the implementation of the SK-
decomposition in spin-orbit modes, the final state is charac-
terized by reconstructing the density operator over a state to-
mography process, and the respective fidelity is obtained [18].
The effectiveness of our proposal can also be explored using
state properties, such as how the quantum coherence [25] is af-
fected by a Markovian process during its propagation through
the channel [26].
Quantum coherence is the central building block of quan-
tum physics, yielding essential aspects of the principle of
superposition in quantum computing, quantum teleportation,
and many others that stem from this fundamental behaviour
of the quantum domain. A frequently used definition to co-
herence is the l1-norm quantum coherence [27, 28]. By con-
sidering the general form of the density operator in (1) we can
write the l1−norm coherence for a qubit state as [25]
Cl1 (rx, ry) =
√
r2x + r2y = Cl1 = 2|ρ12(t)|. (11)
The above definition is base-dependent and may present some
changes with respect to local unitary operations. A basis-free
quantum coherence measure was proposed in Ref.[25]. The
idea consists in maximizing the coherence over all local uni-
tary transformations, resulting in
Cmax(r) = r, (12)
where r = |r| is the modulus of the Bloch vector. Performing
tomographic measurements on the output state, both l1−norm
and maximal coherence are obtained and can be contrasted
with the evolution of the decomposed channel state coherence.
III. EXPERIMENTAL IMPLEMENTATION
The spin-orbit implementation of the Solovay-Kitaev de-
composition was performed by the optical circuit illus-
trated in Fig.2. The system (upper wire in Fig.1) was en-
coded in the polarization degree of freedom of a laser beam
(@532 nm; 1.5 mW) whereas the ancilla (lower wire in Fig.1)
was encoded in the first-order transversal modes. For the qubit
system, the horizontal polarization state |H〉 represents the
ground state |0〉, and the vertical polarization |V〉 represents
the excited state |1〉. Similarly, the transverse mode HG10 (la-
beled |h〉) denotes the ground state |0〉 for the ancilla, while
the transverse mode HG01 (labeled |v〉) represents the excited
state |1〉.
Let us discuss the operations required for the SK-
decomposition. For the qubit system, general transformations
U and U′ are required, and for the polarization degree of
freedom, the most general transformation is obtained by us-
ing two quarter-wave plates (QWP) and one half-wave plate
(HWP), disposed in the following order QWP(η2), HWP(τ),
QWP(η1), where the arguments are the respective angles of
the fast axis with respect to the horizontal direction. Accord-
ing to the Jones matrix representation [29], the most general
SU(2) operator can be decomposed as a product of waveplate
operations in the following way [30, 31]
U = QWP(η1) HWP(τ) QWP(η2) , (13)
where
QWP(η) = Ry(η) Q0 Ry(−η) ,
HWP(τ) = Ry(τ) H0 Ry(−τ) ,
Q0 =
(
1 0
0 i
)
,
H0 =
(
1 0
0 −1
)
. (14)
Note that although QWP(η) and HWP(τ) are not SU(2) matri-
ces, the product given in (13) belongs to SU(2). Carrying out
the matrix product, we can identify the complex numbers of
the general form given in (8)
u = cos Λ cos η− − i sin Λ sin η+ ,
w = cos Λ sin η− + i sin Λ cos η+ ,
η± = η1 ± η2 ,
Λ = 2τ − η1 − η2 . (15)
Therefore, a simple relation can be established between the
waveplates and the Euler angles
η1 = ϕ − pi/4 ,
η2 = −ζ − pi/4 ,
τ = (ϕ + ξ − ζ)/2 − pi/4 . (16)
Then, by choosing appropriately the angles τ, η1, and η2, we
can implement the general transformations, U and U′, neces-
sary to compose the operators Mi of the SK-decomposition.
For the ancilla qubit we need to implement the operator
Ry(γ1,2) . This transformation has to be performed in the trans-
verse modes |h〉 and |v〉, and it is implemented by combining
a sequence of two Dove prisms. The action of a Dove prism
is the transverse mode analogous to a half-wave plate. There-
fore, its Jones matrix is given by
DP(γ) = Ry(γ) H0 Ry(−γ) =
(
cos 2γ sin 2γ
sin 2γ − cos 2γ
)
. (17)
Since H0 Ry(−γ) = Ry(γ) H0 and H20 = I , as can be easily
verified, the ancilla rotations can be simply realized by a se-
quence of two Dove prisms, one horizontally oriented and the
other rotated by γ/2 , so that
Ry(γ) = DP(γ/2) DP(0) . (18)
4Figure 2: Experimental setup. SP stands for S-wave plate, SF for the
spatial filter, HWP for the half-wave plate, QWP for the quarter-wave
plate, BS for beam splitter, PBS for polarized beam splitter, and CCD
for charge-coupled device camera.
With all the required transformations for the degrees of
freedom representing the system and ancilla qubit, the optical
circuit used to implement the Solovay-Kitaev decomposition
in spin-orbit modes is sketched in Fig.2. A diode-pumped
solid-state (DPSS) laser beam (532nm, 1.5mw power, hori-
zontally polarized) goes to a S-wave plate (SP) to produce a
state (|Hh〉 + |Vv〉)/√2. As we are interested in producing
an initial state in which the system and the ancilla are in the
ground state, the component |Hh〉 of the state produced by
SP is selected. Thus, a polarized beam splitter (PBS1) is in-
troduced such that the component |Hh〉 will be transmitted,
whereas the component |Vv〉 will be reflected and blocked.
Then, the selected state |Hh〉 goes to a spatial filter (SF) to im-
prove the mode fidelity. It is worth mentioning that we con-
sidered using an S-wave plate to produce the initial state due
to its good fidelity in producing the desired mode. After the
SF, the state |Hh〉 goes to a half-wave plate HWP1 with its
fast axis rotated by an angle φ with respect to the horizon-
tal axis, allowing us to produce any initial linear polarization
state. Therefore, our initial state |ψi〉 is written as
|ψi〉 = (cos 2φ |H〉 + sin 2φ |V〉) ⊗ |h〉 . (19)
It is important to note that we chose to work with pure
states, whose evolution in the channels can be simply followed
by the respective density matrices. Furthermore, as coherence
is another parameter analyzed to verify the channel’s imple-
mentation, and it is calculated from the absolute value of the
non-diagonal elements of ρ, we did not care about a relative
phase. Even though we do not have the most general initial
state, the experimentally produced polarization state has the
necessary ingredients to verify the main actions of the decom-
posed channels.
After |ψi〉 preparation, the next step is to implement the ro-
tation Ry(γ1) in the ancilla qubit (see Fig.1). Hence, the laser
beam is sent through a Dove prisms DP1 oriented at 0◦ and
DP2 oriented at γ1/2. Depending on the channel we are in-
terested in performing, we must implement the transforma-
tion U′ in the qubit system. Thus, the set QWP1, HWP2 and
QWP2 oriented at angles η1 , τ and η2 , respectively, can be
inserted in the laser path. Note that this transformation on po-
larization states will only be implemented in the bit phase flip
channel.
The next stage showed in the circuit illustrated in Fig.1 is
the operation of a C-NOT gate using a qubit as control. To
implement this operation, we consider an interferometer com-
posed by two polarized beam splitter PBS2 and PBS3, a Dove
prism (DP3) at an angle of 45◦, and a mirror mounted on a
piezoelectric ceramic (PZT), which is responsible for control-
ling the optical path difference in order to superpose coher-
ently the states coming from the two arms of the interferom-
eter. The polarization state is the control qubit, whereas the
transverse mode is the target qubit. In this way, the state |H〉
is transmitted by the PBS2, and the transverse mode does not
suffer any transformation, leaving the C-NOT transmitted by
the PBS3. On the other hand, the state |V〉 is reflected by
the PBS2 and the Dove prism DP3 implements the follow-
ing transformations |h〉 → |v〉 and |v〉 → |h〉 on the transverse
mode. After these transformations, the state goes to the PBS3
where it is reflected and coherently superposed to the state
horizontally polarized that arrives through the other port of
PBS3 . With these operations, the C-NOT gate is completed.
After the C-NOT gate, the laser beam passes through DP4
oriented at 0◦ and DP5 at γ2/2 , which implement another ro-
tation in the ancilla given by the operator Ry(γ2) .
The next step presented in Fig.1 is the projective measure-
ments in the ancilla. This step can be accomplished with the
aid of a Mach-Zehnder interferometer with an additional mir-
ror (MZIM) that sorts polarization and transverse modes of
even and odd parities [32]. The MZIM is sensitive to the
combined parity of polarization and transverse modes. Its
functionality is based on the extra pi phase acquired by modes
|Hv〉 and |Vh〉 at the extra reflection arm. When a a half-wave
plate oriented at 0◦ is inserted in one arm of the MZIM, the
device becomes polarization independent and can be used to
sort transverse modes |h〉 and |v〉 regardless to the polariza-
tion state. Such an arrangement is considered a transverse
beam splitter (TBS) - see the red dashed board in Fig.2. Two
beam splitters compose the device, 50/50 BS1 and BS2, a half-
wave plate (HWP3 at 0◦) and a piezoelectric ceramic (PZT2)
to control the coherent superposition at the TBS output such
that the horizontal component |h〉 of the transverse mode al-
ways leaves through port O1 while the vertical component |v〉
leaves through O2. More details are presented in Appendix A.
Following the Solovay-Kitaev circuit in Fig.1, we need to
implement a C-NOT gate by choosing the ancilla as control
and the qubit as the target. Our circuit is realized by perform-
ing a σx operation on the polarization state at the |v〉 output of
the TBS, implemented by the half-wave plate HWP4 oriented
at 45◦. After the σx operation, as can be seen in Fig.1, we per-
form the last transformation U′ in the qubit system depend-
ing on the desired channel. In our setup, it is implemented
by the set QWP3, HWP5 and QWP4 oriented at η′2 , τ
′ and
5η′1 , respectively, placed at both TBS outputs. Then, the SK-
decomposition is resumed.
In order to characterize the output state of the system ρout, a
tomographic measurement [33, 34] of the state polarization is
performed as sketched in the dashed box named tomography.
The measurement in the three bases can be performed by the
set composed by the QWP at θQ, HWP at θH , and PBS4. By
setting θQ = θH = 0, the measurement basis is set to {|H〉 , |V〉}.
With θQ = 45◦ and θH = 22.5, we are able to measure in
the diagonal basis {|+〉 , |−〉}, and for θQ = 45◦ and θH = 0
the measurement is performed in the left-right basis {|L〉 , |R〉}.
Note that HWP8 at 45◦ is used to combine the |H〉 polarization
state leaving both outputs of the TBS at the output IA of PBS4
and the |V〉 polarization state at the output IB . The resulting
intensities are projected on a screen and captured in a single
image by a charge-coupled device (CCD) camera.
The matrix reconstruction is obtained through the Stokes
parameters that relate the measurement statistics with the pa-
rameters of Eq. (1) in the following way [33]
rx = P|+〉 − P|−〉 ,
ry = P|L〉 − P|R〉 , (20)
rz = P|H〉 − P|V〉 .
The purity of the reconstructed state is given by 0 ≤ ‖r‖ ≤ 1 .
In our experiment, the normalized intensities recorded by
the CCD camera play the role of the probabilities. In this
setup, IA is associated with the intensities of components
H, + , L and IB related to the intensities of the components
V, − ,R. Thereby, the probability P|A〉, of measuring a state
|A〉 ≡ |H〉 , |+〉 , |R〉 is given by
P|A〉 =
I|A〉
I|A〉 + I|B〉
. (21)
The probability of measuring a state |B〉 ≡ |V〉 , |−〉 , |L〉 is sim-
ply given by P|B〉 = 1 − P|A〉 . Next, we discuss the imple-
mentation of the decomposition for some important channels.
For all implementations, the following values of the decoher-
ence parameter are chosen: λ = {0, 0.25, 0.5, 0.75, 1}. For
these channels, the unitary operations U and U′ will only be
necessary for the bit phase flip channel.
A. Amplitude damping and phase damping channels
The amplitude damping channel (AD) describes the process
of energy dissipation, and it can be given by following the
Kraus operators [23],
K0 =
(
1 0
0
√
1 − λ
)
, K1 =
(
0
√
λ
0 0
)
. (22)
Table I presents the parameters of SK-decomposition for the
implementation of the AD channel. For each λ, there is a
respective set of parameters given by γ1, γ2 and the unitary
operations U and U′ that allow us to implement the operation
described previously by equations (13) and (18). As defined
in Eqs.(18), γ1 and γ2 are related to the Dove prism operation
whereas U and U′ describe the transformations implemented
by the set of wave plates (QWP-HWP-QWP). It is important
to note that all these parameters are obtained by controlling
the DP angle γ/2, the HWP angle τ and the QWP’s η1 and η2.
For the AD channel, the set of wave plates is not necessary.
By comparing Eqs.(22) and (5), we can see that α and β
are directly related to the decoherence parameter λ. In this
way, for each λ, there is a given α and β that reproduces the
respective Kraus operator. Besides, since we already know α
and β, and consequently K0 and K1, we can use Eq.(7) to ob-
tain the Kraus operators in the Solovay-Kitaev decomposition
for each decoherence parameter λ. The parameter p is used
to produce, if necessary, the convex combination between the
two channels Eea(ρ) and E
e
b(ρ), as can be verified in equation
(6). For the amplitude damping channel, this composition is
not necessary, and thus we consider p = 1 (see Table I).
The phase damping channel (PD) is a quantum channel de-
scribing a process in which we have a damping phase without
energy dissipation [23]. The Kraus operators for this quantum
channel are given by
K0 =
(
1 0
0
√
1 − λ
)
, K1 =
(
0 0
0
√
λ
)
. (23)
For the SK-decomposition of the PD channel, we set the same
parameters used for the AD channel given in table I. The only
difference is that the PD channel does not have the σx opera-
tion controlled by the |v〉 state of the transverse mode after the
TBS.
Table I: Parameters used to implement the amplitude damping and
the phase damping channels.
λ
Eea p
α β γ1 γ2 U U′
0 0 0 pi/2 −pi/2 none none 1
0.25 pi/6 0 pi/3 −pi/3 none none 1
0.5 pi/4 0 pi/4 −pi/4 none none 1
0.75 pi/3 0 pi/6 −pi/6 none none 1
1 pi/2 0 0 0 none none 1
B. Bit flip channel
The bit flip channel is the simplest example of a noisy chan-
nel. This channel flips the state of a qubit with probability λ
and leaves it unchanged with probability 1 − λ. Formally, it is
described by the following set of Kraus operators:
K0 =
√
1 − λ
 1 0
0 1
 , K1 = √λ  0 1
1 0
 . (24)
Table II presents the set of parameters necessary to implement
the SK-decomposition for the bit flip channel in our experi-
mental setup. We can see in II that the transformations U and
U′ are not required to implement the bit flip channel, as well
as no combination of Eea(ρ) and E
e
b(ρ) is necessary (p = 1 for
all λ).
6Table II: Parameters used to implement the bit flip channel.
λ
Eea p
α β γ1 γ2 U U′
0 0 0 pi/2 −pi/2 none none 1
0.25 pi/6 pi/6 pi/2 −pi/6 none none 1
0.5 pi/4 pi/4 pi/2 0 none none 1
0.75 pi/3 pi/3 pi/2 pi/6 none none 1
1 pi/2 pi/2 pi/2 pi/2 none none 1
C. Phase flip channel
The phase flip channel is a bit flip in the conjugate basis,
i.e., the qubit flips its phase after interacting with the environ-
ment. This channel acts according to the following operators
K0 =
√
1 − λ
 1 0
0 1
 , K1 = √λ  1 0
0 −1
 . (25)
Table III presents the parameters to implement the phase flip
channel (Fig.2). For this channel, the composition in two
channels Eea(ρ) and E
e
b(ρ) is now required and is given by
EPF = pEea+(1−p)Eeb = p(M0ρiM†0)+(1−p)(M1ρiM†1), (26)
where the parameter p (p ∈ [0, 1]) is responsible to combine
the results obtained by the channels Eea and E
e
b. The channel
Eea(ρ) is mapped in order to implement the Kraus operator M0
in the Solovay-Kitaev decomposition, described by equation
(7), while the channel Eeb(ρ) is used to implement the other
Kraus operator M1 in this decomposition. In other words,
when the parameters presented in Table III are chosen to im-
plement Eea(ρ), we are considering that the experimental setup
produces the operation related to the state described by the
term M0ρiM
†
0 in the operator sum representation for the phase
flip map. On the other hand, the parameters showed in the
same table used to implement Eeb(ρ) give us the operation re-
lated to the other Kraus operator, such that the transformation
is described by the term M1ρiM
†
1 . Therefore, it is interesting
to note that in our SK-decomposition to the phase flip channel,
p plays the role of the decoherence parameter λ.
To implement the phase flip channel experimentally, fol-
lowing the strategy of Ref.[21], we first set up our experiment
with the parameters of the channel Eea and capture all images
related to this first channel by varying λ. After this, we use
the normalized images to reconstruct their respective density
matrices. The second step is to set up the experiment with
the parameters of the channel Eeb, capture all images, and use
the normalized intensities to reconstruct all density matrices
related to this channel. Once all density matrices for Eea and
Eeb are obtained, we may choose the parameter p to produce E
related to the evolution of the phase flip channel given by the
operator sum representation. A one-way circuit to perform the
phase flip channel can be obtained by duplicating the experi-
mental setup using a second laser and mixing both outputs by
controlling the relative intensities to simulate different p. In
SK-decomposition for the phase flip channel, we also do not
need to use the transformations U and U′.
Table III: Parameters used to implement the phase flip channel.
λ
Eea E
e
b
α β γ1 γ2 U U′ α β γ1 γ2 U U′ p
0 pi 0 − pi2 pi2 none none 0 0 pi2 − pi2 none none 0
0.25 pi 0 − pi2 pi2 none none 0 0 pi2 − pi2 none none 0.25
0.5 pi 0 − pi2 pi2 none none 0 0 pi2 − pi2 none none 0.5
0.75 pi 0 − pi2 pi2 none none 0 0 pi2 − pi2 none none 0.75
1 pi 0 − pi2 pi2 none none 0 0 pi2 − pi2 none none 1
D. Bit phase flip channel
The bit phase flip channel describes a change that involves
the bit flip as well as its phase. The channel acts as a follow
K0 =
√
1 − λ
 1 0
0 1
 , K1 = √λ  0 −i
i 0
 , (27)
Table IV presents the parameters necessary to implement the
SK-decomposition of this channel. In this case, we use the
composition of the two channels Eea(ρ) and E
e
b(ρ) to construct
the map E(ρ). Again, the channel Eea(ρ) is used to implement
the Kraus operator M0, described by equation (7), whereas
channel Eeb(ρ) is necessary to implement the other Kraus op-
erator M1. Then, the map EBPF is constructed according to
Eq.(26). In this channel, using equations (7) and (27) to map
the Kraus operators, we observe that only U is necessary.
Hence, we label U as UBPF, and it is written as
UBPF = QWP(−pi/2) HWP(pi/2) QWP(0) =
 −i 0
0 i
 . (28)
It is important to comment that, as can be inspected in
the Solovay-Kitaev circuit Fig.1, the rotation UBPF is imple-
mented before the C-NOT gate. Following the same protocol
employed for the phase flip channel, after obtained all the den-
sity matrix for Ee1 and E
e
2, we can choose the parameter p to
construct E. Note that the parameter p (p ∈ [0, 1]) used to
combine the channels Ee1 and E
e
2 play the role of decoherence
parameter λ.
Table IV: Parameters used to implement the bit phase flip channel.
λ
Eea E
e
b
α β γ1 γ2 U U′ α β γ1 γ2 U U′ p
0 0 0 pi2 -
pi
2 none none
pi
2
pi
2
pi
2
pi
2 UBPF none 0
0.25 0 0 pi2 -
pi
2 none none
pi
2
pi
2
pi
2
pi
2 UBPF none 0.25
0.5 0 0 pi2 -
pi
2 none none
pi
2
pi
2
pi
2
pi
2 UBPF none 0.5
0.75 0 0 pi2 -
pi
2 none none
pi
2
pi
2
pi
2
pi
2 UBPF none 0.75
1 0 0 pi2
pi
2 none none
pi
2
pi
2
pi
2
pi
2 UBPF none 1
7(a) Initial polarization state |ψi〉 = |V〉. (b) Initial polarization state |ψi〉 = |+〉.
Figure 3: Hot color in tomographic images for the initial states |V〉 and |+〉, with intensities IA and IA for the basis {A, B} = {H,V}, {D, AD},
and {L,R}.
IV. RESULTS AND DISCUSSION
Let us start by presenting the characterization of the ini-
tial states utilized in the experiment. Depending on the SK-
decomposition, we studied the evolution of the state |V〉 ≡ |1〉
(φ = 45◦ in Eq.(19)) or the evolution of the superposition state
|+〉 ≡ (|0〉+|1〉)/√2 (φ = 22.5◦ in Eq.(19)). The output intensi-
ties of the tomographic measurements for the initial states |V〉
and |+〉 are shown in Figs.3a-3b, respectively. Each image is
a single frame, and the relative intensities were obtained from
the integration of the gray level intensities to apply Eq.(21).
Note that the tomography is only performed in the polarized
state.
The theoretical and experimental density matrix reconstruc-
tion for the initial states |V〉 (ρV ), and |+〉 (ρ+) is presented
in Fig.4. The fidelity obtained with the experiment for the
initial state, |V〉 is F = 0.9996±0.002 and for |+〉 it is F =
0.9873±0.0217, showing very good agreement between the
theory and the experiment.
A. Amplitude damping and phase damping channels
The density matrix reconstruction for the initial polariza-
tion states |+〉 is shown in Fig.5. The results corresponds to
λ = 0.25, 0.5, 0.75, 1, from left to right. The theoretical pre-
diction is shown in the top of Fig.5 (green and blue colors).
A gradual decay to the ground state is expected for the AD
channel with the initial state |+〉 going to |H〉. The density
matrix obtained experimentally is presented at the bottom of
Fig.5 (purple and blue colors).
The behaviour of the l1-norm coherence Cl1(λ) and Max-
imal coherence Cmax(λ) as functions of the decorehence pa-
rameter λ for the initial state |+〉 (rx = 1 and ry = 0) is pre-
sented in Fig.6. The experimental results of the Cl1(λ) are rep-
(a) Initial polarization state
|ψi〉 = |V〉.
(b) Initial polarization state
|ψi〉 = |+〉.
(c) Initial polarization state
|ψi〉 = |V〉.
(d) Initial polarization state
|ψi〉 = |+〉.
Figure 4: Matrix reconstructions for initial states |V〉 and |+〉. The-
oretical results in the top graphs and experimental results at the bot-
tom.
resented by squares and the solid line (blue color) is the the-
oretical prediction. The experimental results obtained for the
maximal coherence Cmax(λ) are represented by triangles while
the theoretical prediction is represented by dot-solid line (red
color).
The SK-decomposition of the PD channel (Fig.7) shows the
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Figure 5: Theoretical (green and blue color) and experimental (purple and blue color) matrix elements for the amplitude damping channel
reconstruction with the initial state |+〉. From left to right the parameter λ was set as {0.25,0.5,0.75,1}.
Figure 6: Theoretical (solid line - blue online) and experimen-
tal (squares - blue online) for l1-norm coherence and theoretical
(dashed-line - red online) and experimental (triangles - red online)
for maximal coherence as a function of the decoherence parameter
for the AD channel acting on the initial state |+〉 .
density matrix reconstruction for λ > 0 considering the initial
state |V〉. The reconstructions present a high fidelity. Never-
theless, it is worth to mention that the density matrix popula-
tion does not change during the evolution.
Figure 8 presents the coherence Cl1(λ) (squares and solid
line - blue online) and maximal coherence Cmax(λ) (triangles
and dot-dashed line - red online) as functions of the decore-
hence parameter λ for the initial state |V〉 under the action of
the phase damping channel (PD). Note that the analysis of the
PD channel is considered with respect to the decoherence pa-
rameter λ ∈ [0, 1] .
As expected, the l1−norm coherence shows a freeze behav-
ior in the minimum value (C(λ) = 0) since neither the initial
state |V〉 (rx = ry = 0) nor any other obtained in this evolu-
tion present a coherent superposition. The maximal coherence
also exhibits the freezing behavior, but now this happens in its
maximum value Cmax(λ) = 1. This can be understood by the
fact that the phase damping does not change the purity of the
quantum state. Although the parametrization time is slightly
different, our experimental results for these two classes of co-
herence are in excellent agreement with what was obtained in
Ref.[26] using another experimental setup.
B. Bit flip channel
For the bit flip (BF) SK-decomposition, Fig.9 shows the
density matrix reconstruction for each λ for the initial polar-
ization state |V〉 with the respective fidelity F. Observe that the
bit-flip occurs for λ = 1.
Concerning the coherence behavior of the state for the
BF SK-decomposition, Fig.10 presents the l1-norm coherence
Cl1(λ) (experiment: blue squares, theory: blue solid line) and
maximal coherence Cmax(λ) (experiment: red triangles, the-
ory: red dashed-dot line) as functions of the decorehence pa-
rameter λ for the initial polarization state |V〉. We can ob-
serve that the l1−norm coherence shows a freezing behav-
ior in the minimum value of C(λ) = 0. This happens be-
cause we started the evolution with state |V〉 that has no co-
herence in the H-V basis, and, as expected, it is not possible
to obtain any coherent superposition in this evolution. On the
other hand, the maximal coherence (Cmax(λ)) varies with the
parameter λ. The polarization state |V〉 is pure and conse-
quently its maximum coherence manifests at the maximum
9(a) λ = 0.25. The fidelity with
respect to the theoretical
predictions is F =
0.9861 ± 0.0216.
(b) λ = 0.5. The fidelity with
respect to the theoretical
predictions is F =
0.9721 ± 0.0220.
(c) λ = 0.75. The fidelity with
respect to the theoretical
predictions is F =
0.9933 ± 0.0020.
(d) λ = 1.0. The fidelity with
respect to the theoretical
predictions is F =
0.9732 ± 0.0220.
Figure 7: Experimental density matrix reconstruction for the initial
state |V〉 under the action of the phase damping channel (PD).
Figure 8: Theoretical (solid line - blue online) and experimental
(squares - blue online) for l1−norm coherence and theoretical (dot-
dashed line - red online) and experimental (triangles - red online) for
maximal coherence as a function of the decoherence parameter for
the |V〉 state under the action of the PD.
value (Cmax(0) = 1). However, for p = 0.5 we obtain a max-
imal mixture between the states |H〉 and |V〉 and the maximal
coherence exhibit the minimum value Cmax(0.5) = 0). In this
case, the qubit has 50% probability for flipping its state.
(a) λ = 0.25. The fidelity with
respect to the theoretical
predictions is F =
0.9945 ± 0.0020.
(b) λ = 0.5. The fidelity with
respect to the theoretical
predictions is F =
0.9998 ± 0.0020.
(c) λ = 0.75. The fidelity with
respect to the theoretical
predictions is F =
0.9996 ± 0.0020.
(d) λ = 1.0. The fidelity with
respect to the theoretical
predictions is F =
0.9609 ± 0.0317.
Figure 9: Experimental matrix elements reconstructions of the initial
state |V〉 for the bit flip channel (BF).
Figure 10: Theoretical (solid line - blue online) and experimental
(squares - blue online) results for l1−norm coherence and theoretical
(dot-dashed - red online) and experimental (triangles - red online)
for maximal coherence as a function of the decoherence parameter
for the BF channel prepared in the |V〉 state.
C. Phase flip channel
The SK-decomposition of the phase flip (PF) channel for
the density matrix reconstruction is presented in Fig.11. The
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analysis was done for the initial state |+〉 (Fig.4d). We can
observe a high fidelity for each λ, indicating that we achieved
the SK-decomposition successfully, since the final state is |−〉.
(a) λ = 0.25. The fidelity with
respect to the theoretical
predictions is F =
0.9996 ± 0.0020.
(b) λ = 0.5. The fidelity with
respect to the theoretical
predictions is F =
0.9998 ± 0.0020.
(c) λ = 0.75. The fidelity with
respect to the theoretical
predictions is F =
0.9996 ± 0.0020.
(d) λ = 1.0. The fidelity with
respect to the theoretical
predictions is F =
0.9996 ± 0.0020.
Figure 11: Experimental matrix reconstructions of the initial state |+〉
for the phase flip channel (PF).
Considering as the initial state a maximally coherent po-
larization state |+〉, figure 12 presents the evolution of the
l1− norm coherence C(λ) (squares, solid line - blue online)
and maximal coherence Cmax(λ) (triangles, dot-dashed line
- red online) as a function of the decoherence parameter λ.
It is possible to observe that, in this case, we do not have a
freezing behavior for C(λ) and Cmax(λ). As we started with
a maximally coherent state, the coherence C(λ) has a maxi-
mum value. Throughout the evolution, the initial superposi-
tion is lost, and consequently, C(λ) presents a minimum value
(C = 0) at λ = 0.5. For p = 1, the channel has already flipped
the relative phase between the polarization components |H〉
and |V〉 of the initial state, yielding another maximally coher-
ent state |−〉 which also has a maximum value for the coher-
ence C(λ). The maximal coherence Cmax(λ) shows a similar
behavior since we started the evolution with a pure state |+〉,
where Cmax(0) = 1. For λ = 0.5, we have a maximally mixed
state and, consequently, we obtain Cmax(0.5) = 0. As dis-
cussed above, for λ = 1, the state is |−〉, and consequently,
Cmax exhibits a maximum value.
Figure 12: Theoretical (solid - blue online) and experimental
(squares - blue online) for l1−norm coherence and theoretical (dot-
dashed - red online) and experimental (triangles - red online) for
maximal coherence as a function of the decoherence parameter for
the PF channel prepared in the |+〉 state.
D. Bit phase flip channel
The last channel decomposed in this work is the bit phase
flip. The density matrix reconstruction for this channel is
shown in Fig.13, for the initial polarization state |+〉, and final
state |−〉.
The evolution of l1−norm coherence Cl1(λ) (squares, solid
line - blue online) and maximal coherence Cmax(λ) (triangles,
dot-dashed line, red online) for bit phase flip channel is shown
in Fig.14 considering a maximally coherent polarization state
|+〉 as the initial state. As can be seen, we do not have any
freezing behavior for Cl1(λ) and Cmax(λ). Analyzing Cl1(λ),
we observe the expected evolution. Since the initial state is
maximally coherent, we have that Cl1(0) = 1. On the other
hand, according to the system evolution controlled by λ val-
ues, we observe that the coherent superposition is lost. When
λ = 0.5 the state does not present any coherent superposi-
tion and, consequently, we obtain Cl1(0.5) = 0. However, for
λ = 1, the channel has already flipped both the bit and rel-
ative phase, yielding the maximally coherent state |−〉. This
final state produced by the evolution in this channel has the
maximum value of Cl1(λ = 1) = 1.
Maximal coherence Cmax starts in maximum value since the
initial state is a pure state. On the other hand, when λ = 0.5 we
have a maximally mixed state and consequently Cmax(0.5) =
0. As the state produced by the evolution in this channel is also
a maximally pure state (|−〉), the maximal coherence returns
to the maximal value Cmax(1) = 1.
Finally, it is important to comment that the small differ-
ences between all theoretical and experimental results come
from the limited visibility of the interferometers and the in-
tensity sensitivity of the CCD camera.
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(a) λ = 0.25. The fidelity with
respect to the theoretical
predictions is F =
0.9996 ± 0.0020.
(b) λ = 0.5. The fidelity with
respect to the theoretical
predictions is F =
0.9994 ± 0.0020.
(c) λ = 0.75. The fidelity with
respect to the theoretical
predictions is F =
0.9996 ± 0.0020
(d) λ = 1.0. The fidelity with
respect to the theoretical
predictions is F =
0.9998 ± 0.0020.
Figure 13: Experimental matrix elements reconstructions of the ini-
tial state |+〉 for the Bit phase flip channel (BPF).
V. CONCLUSIONS
In conclusion, we have investigated the Solovay-Kitaev de-
composition of single qubit quantum channels using the spin-
orbit modes of a laser beam. The implementation of arbitrary
quantum channels on the polarization (spin) degree of free-
dom was achieved using the transverse mode structure (or-
bit) as the ancillary qubit. This allowed the easy realization
of the local unitary operations and controlled gates needed
for implementing the required channels. Moreover, our ap-
proach with an intense laser source gave us direct access to
the noisy channels’ statistical properties without resorting to
single-photon sampling. Both density matrix reconstruction
and coherence analysis of the qubit in the channel show the
decomposition’s success through an excellent agreement be-
tween the theoretical predictions and the experimental results.
We believe that the present architecture has an enormous po-
tential as a platform for investigations in quantum thermody-
namics, and for addressing to fundamental properties of chan-
nel capacities, where either controllable reservoirs or chan-
nels are required. Advancements along those lines shall be
presented elsewhere.
Figure 14: Theoretical (solid - blue online) and experimental
(squares - blue online) for l1−norm coherence and theoretical (dot-
dashed - red online) and experimental (triangles - red online) for
maximal coherence as a function of the decoherence parameter for
the state |+〉 undergoing the BPF channel.
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Appendix A: The transverse mode beam splitter
In this appendix we will discuss the action of the HWP in-
serted in the MZIM. Fig.15 presents the apparatus in detail,
marking the spin-orbit state in each part of this optical circuit.
The principle of the MZIM is directly related to the action
of mirror reflections on polarization and transverse modes.
When a laser beam is reflected by a vertical mirror (horizon-
tal plane of incidence), the vertical polarization is not affected
(|V〉 → |V〉) while the horizontal polarization is inverted and
acquires a minus sign (|H〉 → − |H〉). Analogously, a first
order Hermite-Gaussian mode is affected in the same way
|v〉 → |v〉 and |h〉 → − |h〉. Therefore, using the definition
given in Eq.(14), the spin-orbit transformation performed by
each mirror reflection is represented by H0 ⊗H0 . Moreover, a
half-wave plate affects only the polarization part of the spin-
orbit state and can be represented by H0 ⊗ I . Now we can
take into account all transformation steps inside the modified
MZIM to understand how it works.
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Figure 15: Experimental circuit to implement the new configuration
of the MZIM. This device will allow us to produce projective mea-
surements in the first-order transverse modes.
Let us consider a general spin-orbit mode given by
|Ψ0〉 = |ϕ1〉 ⊗ |h〉 + |ϕ2〉 ⊗ |v〉√
2
, (A1)
where
∣∣∣ϕ1,2〉 are arbitrary polarization states. This mode en-
ters the interferometer through port a of the 50/50 beam split-
ter BS1, follows two paths with different transformation se-
quences and arrives at a second 50/50 beam splitter BS2,
where it exits the interferometer through two output ports. The
input-output relations for both beam splitters are given by the
2x2 unitary matrix
BS ≡ 1√
2
 1 −1
1 1
 . (A2)
Note that port b of BS1 is empty. Therefore, we can com-
pute the state evolution inside the interferometer follwing the
transformations implemented in each arm:
• Transmission through BS1: This beam passes through
HWP3 oriented at 0◦, follows one reflection at the PZT-
mounted mirror and reaches port b′ of BS2 in state
|Ψb′〉 = e
i∆
2
(H0 ⊗ H0) (H0 ⊗ I) |Ψ0〉
=
ei∆
2
(|ϕ1〉 ⊗ |h〉 − |ϕ2〉 ⊗ |v〉) , (A3)
where ∆ is the phase shift introduced by the PZT and
H20 = I has been used.• Reflection at BS1: This beam follows two reflections
at the arm mirrors and reaches port a′ of BS2 in state
|Ψa′〉 = 12(H0 ⊗ H0)
2 |Ψ0〉
=
1
2
(|ϕ1〉 ⊗ |h〉 + |ϕ2〉 ⊗ |v〉) . (A4)
Finally, using the input-output relations of BS2 and assum-
ing that the interferometer is balanced (∆ = 0), we find the
following output states
|K〉 = |Ψa′〉 + |Ψb′〉√
2
=
1√
2
|ϕ1〉 ⊗ |h〉 ,
|Λ〉 = |Ψa′〉 − |Ψb′〉√
2
=
1√
2
|ϕ2〉 ⊗ |v〉 . (A5)
Therefore, each output of the modified MZIM performs a
transverse mode projection without affecting the polariza-
tion state attached to the projected mode. This resumes our
demonstration of the transverse mode measurement device.
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